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We show how to construct fully quantum multi-spin interactions using only two-body Ising in-
teractions plus a uniform transverse field. We then provide an explicit embedding of simple gauge
models, such as the surface code, into the D-Wave chimera architecture. Taken as whole this is
a way to build topological qubits using existing hardware. The scheme is generalizable to other
gauge-like theories, for example those with fractonic topological order such as the X-cube model.
The bottom-up construction of this paper is a blueprint to emulate topologically ordered quantum
spin liquids in programmable quantum machines.
Introduction – In the quest for quantum computing,
quantum annealers (QA) are widely considered to be the
least promising candidates. A leading technology com-
pany offered the following snippet on its website. We
reproduce this quote not to single out any of the tremen-
dous research efforts, but because it is a succinct sum-
mary of the conventional view:
The quantum annealer is least powerful and
most restrictive form of quantum computers.
It is the easiest to build, yet can only per-
form one specific function. The consensus of
the scientific community is that a quantum
annealer has no known advantages over con-
ventional computing. [1]
On the other end of the complexity spectrum is topo-
logical quantum computing (TQC). Since the original
proposal by Kitaev [2], a large body of detailed proposals
for its implementation have been put forward [3–6]. How-
ever, building even a single topological qubit has proven
to be daunting [7].
QA systems, on the other hand, have thousands of
qubits already available (e.g., the commercially available
D-Wave machines [8]). The tradeoff is that QA qubits are
not easily manipulable via quantum gates, rather their
main use is for large optimization problems, which is the
“specific function” of the quote above.
But what if the large number of QA qubits, as “re-
strictive” as they are, were wired to have topological en-
tanglement? Can that be done? If we can use the simple
QA qubits to assemble topological qubits, then being the
“easiest to build” becomes their greatest strength. In this
paper we show that a standard QA architecture can in
fact be programmed to produce topologically entangled
states by configuring interactions within small clusters of
spins.
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Our prescription has implications to two important
current thrusts: quantum computing and quantum ma-
terials. Firstly, we prove that in principle one can build
effective topological qubits within scalable hardware that
is available today. Secondly, we offer a direct route to re-
alizing quantum spin liquids in programmable quantum
hardware. Several recent works explored QA to emulate
“artificial materials” [9, 10], but the exotic quantum spin
liquids were not within reach. Within both contexts, our
results highlight that a QA can be made to function as
an emulator of topological states (ETS).
Our blueprint can in principle be implemented in any
system that supports, at a minimum, a transverse field
Ising model with programmable two-spin interactions.
We focus on the D-Wave architecture, constructed with
superconducting qubits, only because it is, at the time of
this writing, the most scalable.
Our basic result is an analytical prescription for an ex-
act implementation of a quantum Z2 gauge theory. This
theory was introduced almost 50 years ago [11, 12], and
is the grandfather of the toric code [2]. We present an
embedding into D-Wave 2000Q which effectively converts
its 2048 basic qubits into 256 gauge spins.
We also illustrate how the approach can be used to
build more complex models, such as the 3D version of the
toric code and the X-cube model. (Note that the above
examples are characterized by Abelian statistics. How-
ever, a path to non-Abelian excitations may be possible
by introducing twists in the underlying lattice [13–15].)
The core of our approach is to generate multi-spin in-
teractions that are hallmarks of lattice gauge theories
from which topological entanglement follows. Realizing
these interactions has been a major stumbling block in
implementing surface codes. There are several proposals
in the literature to craft multi-spin interactions. These
proposals fall into two categories: those that apply only
to the classical limit and break down in the presence of
a transverse field [16–23]; or those that are quantum but
abstract, utilizing complex quantum interactions beyond
the simple and available ZZ or Ising interaction [24–
28]. Our approach is both fully quantum and fits today’s
hardware.
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2Construction of the Z2 gauge theory and toric
code – We begin with a single site plus its links, and
then glue these “molecules” together into a full lattice.
We proceed in three steps: first we generate a four-spin
interaction on the single star; second we highlight a limit
of large couplings in which the Hamiltonian of the full lat-
tice is exactly that of the Z2 gauge theory; and third we
identify in our construction a “combinatorial gauge sym-
metry” responsible for the equivalence to the Z2 gauge
theory for arbitrary values of the couplings. It is this
symmetry that guarantees the existence of a quantum
spin liquid state in a range of parameters.
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(a) (b)
FIG. 1. (a) A single site (star) of the Z2 gauge theory/toric
code, with 4 matter spins µa on the site, and 4 gauge spins
σi on the links. (b) The full lattice.
• Exact four-body interaction of a single star – Con-
sider a site or star, where we define 4 “matter” spins on
the site and 4 “gauge” spins on the links, as depicted in
Fig. 1. The Hamiltonian for this “molecule” is
H = −J
4∑
a=1
(
4∑
i=1
Wai σ
z
i
)
µza − Γ
4∑
a=1
µxa , (1)
where the matrix elements Wai = ±1 encode that all
two-spin (ZZ) couplings have the same magnitude J but
can be either ferromagnetic (+1) or anti-ferromagnetic
(−1). The matter spins µa only couple to the gauge
spins but not to one another (or other lattice sites). If
we freeze for the moment a given z-basis configuration
of the gauge spins σzi , i = 1, 2, 3, 4 (i.e., the transverse
field on the gauge spins is off for now), the Hamiltonian
for each matter spin µa within the molecule is that of a
single spin in a magnetic field, whose eigenvalues are
E (±)a (σ
z
1, σ
z
2, σ
z
3, σ
z
4) = ±
J2 ( 4∑
i=1
Wai σ
z
i
)2
+ Γ2
1/2 ,
(2)
for each of a = 1, 2, 3, 4. We assign a degree of freedom
τa = ±1 that labels the sign of each eigenvalue. The total
energy for a given choice of τa is thus
∑4
a=1 E
(τa)
a . The
lowest energy is the case where all τa = −1:
Hτ=−1 =
4∑
a=1
E (−)a , (3)
which is separated from the next level, where at least one
τa is positive, by a gap of size at least 2|Γ|.
The expression in Eq. (2) can be written, for any value
of Γ and J , as
E (±)a = ±C0 ± C2
4∑
i 6=j
WaiWaj σ
z
i σ
z
j
± C4 Wa1Wa2Wa3Wa4 σz1 σz2 σz3 σz4 , (4)
where C0, C2 and C4 are constants that depend on J and
Γ. This expression follows from expanding the square
root in Eq. (2) in powers of the σzi and using (σ
z
i )
2 = 1
and (Wai)
2 = 1; the binary polynomial inside the square
root terminates and the only terms that remain are of the
form in Eq. (4). While the expansion is useful in identi-
fying the identity between Eqs. (2) and (4), we remark
that the result is exact (non-perturbative), because both
expressions only take values in discrete sets.
In order to eliminate the two-spin interactions in
the lowest energy sector while retaining the four-spin
term, we choose the matrix Waj so as to satisfy: 1)∑4
a=1WaiWaj ∝ δij , or equivalently, W>W ∝ 1 ; and
2)
∑4
a=1Wa1Wa2Wa3Wa4 6= 0.
Matrices with elements ±1 that satisfy condition 1)
are called Hadamard matrices. They maximize the de-
terminant of the information matrix W>W . Any 4 × 4
Hadamard matrix satisfies constraint 2) as well, for ex-
ample:
W =
−1 +1 +1 +1+1 −1 +1 +1+1 +1 −1 +1
+1 +1 +1 −1
 . (5)
There are other solutions for W , however they are all
equivalent by symmetry. For example, permuting the
matter spins or multiplying any row of W by −1 will
not affect the spectrum. We pick an intuitive form
of W , where the coupling between σzi and µ
z
a is anti-
ferromagnetic when i = a and ferromagnetic otherwise.
We thus arrive at the following simple Hamiltonian for
the sector with all negative τ ’s:
Hτ=−1 = γ − λ σz1 σz2 σz3 σz4 , (6)
where the coefficients γ and λ are functions of Γ and J :
γ = −1
2
(√
Γ2 + 16J2 + 3|Γ|+ 4
√
Γ2 + 4J2
)
λ = −1
2
(√
Γ2 + 16J2 + 3|Γ| − 4
√
Γ2 + 4J2
)
. (7)
3These relations follow from the consistency between
Eqs. (2) and (4). The parity P ≡ σz1 σz2 σz3 σz4 for the
ground state of Eq. (6) is P = +1, since λ > 0. By mod-
ifying the matrix W , we could flip the sign of λ and have
instead the P = −1 parity sector as the ground state (for
example, by flipping the sign of any one column of W ).
• An asymptotic limit – There is a limit in which the
effective Hamiltonian is exactly Hτ=−1. The limit corre-
sponds to taking |Γ| → ∞ while keeping λ fixed, which
opens an infinite gap to the excited sectors, where at
least one τa = +1. The splitting 2|λ| between the two
parity states within the lowest energy sector remains fi-
nite. The expansion of Eq. (7) in the regime of J  Γ
yields λ = 12J4/Γ3 +O(J6/Γ5). (Note that terms of or-
der Γ vanish.) To access this regime we would fix λ and
tune J such that
J =
∣∣λΓ3/12∣∣1/4 . (8)
Physically, in this limit the matter fields µ can be “inte-
grated out” to obtain the exact four-spin effective Hamil-
tonian.
• Placing stars in the lattice – Let us now place the
stars in the full lattice, as shown in Fig. 1(b). The full
lattice Hamiltonian includes a transverse field Γ˜ acting
on the gauge spins σ. (When we embed the surface code
on the D-Wave machine, the effective Γ˜ acting on the
gauge spins will in general be smaller than Γ acting on the
matter spins, as a result of requiring multiple redundant
copies of gauge spins.) This full lattice Hamiltonian is
given by
H = −
∑
s
J∑
a∈s
i∈s
Wai σ
z
i µ
z
a + Γ
∑
a∈s
µxa
− Γ˜∑
i
σxi ,
(9)
where the s are stars on the lattice. In the asymptotic
limit of large Γ, the low energy τ = −1 sector is given by
Hτ=−1 = −λ
∑
s
∏
i∈s
σzi − Γ˜
∑
i
σxi . (10)
This Hamiltonian is exactly that of the Z2 quantum
gauge theory, which supports a topological phase for Γ˜/λ
below a threshold. To get the toric/surface code limit,
one only has to notice that the lowest order term that
survives in a perturbation theory in Γ˜/λ is the term that
flips all spins around a plaquette [29–31].
• Combinatorial gauge symmetry – The symmetries of
our gauge-matter interactions ensure that the correspon-
dence to the desired effective Hamiltonian remains for a
wide range of parameters (Γ˜,Γ, J), beyond the asymp-
totic limit of large Γ. This feature follows from the alge-
braic properies of Hadamard matrices (of which our W
is a particular choice), and leads to the local Z2 gauge
symmetry in Hamiltonian (9), which we shall now iden-
tify.
We start by considering the symmetry of Hamilto-
nian (1) for a single star. The essential idea is to con-
sider the automorphisms L−1WR = W , where L and R
are 4 × 4 matrices that belong to a class of monomial
matrices [32]. These matrices have exactly one +1 or −1
in each row and column, with all other elements zero.
In addition, the number of −1’s in each matrix is even.
Applied to our system this ensures that W is invariant
under the required physical symmetries. The L (“left”)
and R (“right”) matrices act like gauge transformations
on the z-components of the gauge and matter spins as
follows:
σzi →
4∑
j=1
Rij σ
z
j
µza →
4∑
b=1
µzb (L
−1)ba . (11)
These transformations correspond to permutations com-
bined with an even number of spin flips. As such, the
set of allowed R’s (and by extension L’s) is precisely the
symmetry group of the four-spin interaction in Eq. (6)
that also preserves parity. The fact that these transfor-
mations involve only permutations and sign flips of the
Pauli operators, instead of generic linear transformations,
is essential for preserving the spin commutation and an-
ticommutation relations.
For example, with our choice of W in Eq. (5), the fol-
lowing pair satisfies the monomial conditions above:
L =
 0 +1 0 0+1 0 0 00 0 0 −1
0 0 −1 0
 R =
−1 0 0 00 −1 0 00 0 +1 0
0 0 0 +1
 .
(12)
For an isolated star, there are 23 · 4! = 192 possible R
matrices; 4! counts the number of permutations and 23
counts the number of ways to flip an even number of
spins, i.e., keeping parity fixed. Once we choose an R, we
determine L uniquely by solving the automorphism con-
dition: L = W RW−1. Note that flipping gauge spins,
even without permuting them, requires a simultaneous
permutation of matter spins.
The automorphism pair (L,R) directly leads to the lo-
cal Z2 gauge symmetry of the full lattice Hamiltonian (9).
Exchanging gauge spins breaks the lattice symmetry, so
the allowed R matrices are restricted to be diagonal as in
Eq. (12). Consider an elementary plaquette p depicted
in Fig. 2(a) and define the local gauge transformation
Gp =
∏
s∈p
Ls
∏
i∈p
σxi , (13)
where Ls denotes the operator that permutes and flips
the matter spins at each corner site s of the plaquette as
in Eq. (12). Ls is uniquely determined by the local oper-
ator Rs that flips the two gauge spins on links emanating
4from the site s – just as L is determined by R. Any two L
matrices commute and therefore the plaquette operators
do as well, [Gp, Gp′ ] = 0.
The importance of Gp is that it is a local symmetry
of the full lattice Hamiltonian (9): [H,Gp] = 0, for all p.
Invariance of the Ising interaction term follows from the
automorphism above, while invariance of the transverse
field terms Γ and Γ˜ follows from two observations. First,
all spin flips by the operator pair (Ls,Rs) can be viewed
as 180◦ rotations around the x-axis, which commute with
σx and µx. Second, the transverse fields are uniform and
therefore independent of permutations. Therefore, the
Hamiltonian (9) is a gauge theory with a local Z2 gauge
symmetry that is generated by Gp. Because this symme-
try relies on the locking of the permutations contained
in the operators Ls to the Z2 transformations in the Rs,
we refer to it as combinatorial gauge symmetry.
One can further construct loop or closed string sym-
metry operators on the lattice, as shown in Fig. 2(b). For
systems with boundaries, one can also associate a sym-
metry operation to open strings, as depicted in Fig. 2(c).
The loop (or string) operator along a path is composed
of both the gauge spin flips
∏
` σ
x
` , where ` are the links
along the path, as well as the corresponding operations on
matter spins
∏
s Ls applied to each star along the path.
In the case of closed paths, the loop operator is equiva-
lent to a product of all plaquette operators Gp enclosed
by the loop.
Armed with the above we highlight the following spec-
tral properties which are consequences of the combinato-
rial gauge symmetry:
(i) For a single star in the presence of the Γ˜ field, the
eigenstates of the effective Hamiltonian (6) have a one-
to-one correspondence to the lowest energy sector eigen-
states of the “molecule” (1), with precisely the same de-
generacies. In other words, the presence of matter spins
in the Hamiltonian (1) does not break the parity sym-
metry among the gauge spins even with a nonzero Γ˜.
(ii) On the full lattice, the spectrum of any region is
independent of its environment, i.e., its external legs with
fixed total spin parity. This result follows from the in-
variance under a string operator [see Fig. 2(c)] that starts
at one external leg and ends at another. This argument
encapsulates the combinatorial gauge symmetry and im-
plies that the transverse field Γ˜ does not favor any order-
ing pattern on the lattice, an essential feature for stabi-
lizing a quantum spin liquid.
We corroborate the above analytical features with nu-
merical studies in the Supplementary Material, Sec. A.
All degeneracies are confirmed to machine precision.
To highlight the importance of the combinatorial gauge
symmetry, we also show in the Supplementary Material
Sec. B an example of a model that does not possess the
symmetry, like those elsewhere in the literature [16–23],
and consequently fails to avoid symmetry-breaking or-
dering in the presence of transverse fields.
• Another asymptotic limit – Consider the Ising limit
 x1
 x2
 x3
 x4
Ls1 Ls2
Ls3Ls4
p
(a) (b) (c)
 C
 C
FIG. 2. (a) Operator generating the local Z2 gauge trans-
formation on an elementary plaquette, Gp in Eq. (13) (b) A
closed loop operator along a path γC . (c) An open string
operator along a path in a system with boundaries.
with finite J and no transverse fields Γ = Γ˜ = 0. The
ground state of the lattice Hamiltonian (9) is a classical
spin liquid, given the degeneracies under any local spin
transformation Gp (13). It is straightforward to verify
that the ground state of each star on the lattice has en-
ergy −8J and parity P = +1 for both the gauge and
matter spins. The energy gap is 4J .
Now apply small transverse fields Γ  J and Γ˜  J
to both the matter and gauge spins. In degenerate per-
turbation theory the lowest order term that restores the
system to the classical ground state manifold is the pla-
quette operator Gp. It flips four gauge spins around a
plaquette plus the corresponding eight matter spins at
the corners, leaving the ground state manifold degener-
ate. Accordingly, the energy scale of this term is of order
(Γ8Γ˜4)/J11. Because the local gauge symmetry is pre-
served at all stages, a quantum spin liquid state should
emerge in this limit. Again, it is made possible by the
combinatorial symmetry which ensures that no spin or-
dered state is favored.
Embedding in the D-Wave chimera architecture
– Here we show how to embed the two-dimensional sur-
face code in the chimera architecture of the D-Wave ma-
chines, using our Hamiltonian (9). (See ref. [33] for de-
tails on the D-Wave chimera architecture.)
Because each qubit in a chimera can couple to at most
5 qubits, while our gauge spins must couple to 8, we have
to split each gauge spin on the link shared by two vertices
into two “twin” spins. The twins are then forced to be
equal by a strong ferromagnetic coupling, K, which is set
to be the largest coupling in the system [34]. The idea is
then to embed each star consisting of 4 matter spins µa
and 4 gauge spins σi into two chimera unit cells of the
D-Wave machine, as shown in Fig. 3(a).
We label the 4 gauge spins σi by their natural orien-
tations on the lattice: N (North), S (South), W (West)
and E (East). Since the 4 matter spins µa do not couple
to neighboring sites, their labeling can be chosen arbi-
trarily and hence not shown explicitly. For each star, we
use the intra-chimera couplings within one unit cell to
encode the couplings Wai between σi and µa (depicted
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FIG. 3. (a) Embedding of a single vertex (star) of the square lattice into two chimera unit cells, for sublattice A and B,
respectively. The intra-chimera couplings depicted in green encode the couplings Wai between gauge spins σi and matter spins
µa. The red bonds are strong ferromagnetic couplings that copy the gauge spins to the second unit cell. (b) Embedding of the
surface code model on a 2× 2 square lattice into the chimera architecture. The orange bonds denote ferromagnetic couplings
between twin spins shared by adjacent sites.
in green bonds in Fig. 3). However, in order to couple
the gauge spins to neighboring sites both vertically and
horizontally, one must make two more copies of the gauge
spins using a second unit cell, which can be achieved by
strong ferromagnetic couplings that force the spins to be
equal (depicted as red bonds in Fig. 3). We exploit that
the square lattice is bipartite and distinguish between
sublattices A and B so as to properly couple neighboring
sites.
Since there are six copies of each gauge spin on the
chimera lattice, a transverse field applied to one model
gauge spin must flip a total of six device spins. Therefore
the effective transverse field Γ˜ acting on the gauge spins
is of the order Γ˜ ∼ Γ6/K5. In other words, although
the transverse field applied on each physical qubit of the
D-Wave machine is uniform, the effective transverse field
acting on each gauge spin in the Z2 model is suppressed
by the ferromagnetic couplings used for copying spins,
and is smaller than that acting on the matter spins. The
regime where Γ˜/λ is small and the Hamiltonian (10) is
in the topological phase is thus naturally realized in our
embedding. (We remark that one can choose to fix the
desired couplings Γ˜ and λ and determine the couplings
J and Γ from K, via J =
∣∣λΓ3/12∣∣1/4, see Eq. (8), and
Γ ∼ |Γ˜K5|1/6.)
With the above ingredients, one can readily embed the
toric code model on a full square lattice into the chimera
architecture. In Fig. 3, we give an explicit embedding
of a 2 × 2 square lattice. Scaling up to bigger system
sizes is straightforward. By programming the intra-unit-
cell couplings as specified by Wai in Hamiltonian (1), the
ferromagnetic couplings for copying spins and the global
transverse field, one can realize the Z2 gauge theory on
currently available D-Wave machines.
To summarize, the above procedure is equivalent to
building a Z2 quantum gauge model with 256 spins:
we use two chimera cells (2 × 8 = 16 qubits) for each
star, which contains 2 gauge spins each, totaling the
2048/16×2 = 256 gauge spins. Within our construction,
one can create logical topological qubits by creating holes
in the lattice, as is usually done in surface codes [5]. In
our scheme, this is simply done by selectively removing
couplings in the lattice.
Generalization to other topological states – Frac-
ton topological phases [35–38] (for a review, see Ref. 39)
are novel phases of matter with a robust sub-extensive
ground state degeneracy and with excitations that are
strictly immobile, or constrained to move within a subdi-
mensional manifold. Apart from theoretical interest such
as classifications of phases of matter and formulations
in terms of higher-rank gauge theories [40], fracton sys-
tems are also believed to hold promise for fault-tolerant
quantum computation, as well as robust quantum mem-
ory [37]. In spite of the intensive theoretical investiga-
tions on fractonic models, experimental realizations di-
rectly in terms of spins have barely been discussed [41].
We point out that the building blocks of the Z2 gauge
theory can also be used to construct 3D models, such as
one of the simplest fractonic model, the X-cube [38, 42].
6The construction with matter and gauge spins parallels
closely that in 2D, and we provide details for the con-
struction of both the 3D toric code and the X-cube model
in the Supplementary Materials, Secs. C and D. Embed-
dings of these 3D gauge-like theories within today’s hard-
ware is possible, in principle, using appropriate graphs.
However, such embeddings would be much more efficient
in a three-dimensional architecture if or when it becomes
available.
Summary and outlook – We have presented a
practical way of implementing multi-spin interactions
using minimalistic requirements: programmable ±J ZZ
interactions and a uniform X transverse field. These
ingredients are available in current quantum hardware,
such as in the D-Wave annealers, and hence can be used
to emulate quantum spin liquids and build topological
qubits at present-time. The combinatorial gauge sym-
metry of our blueprint ensures that no local symmetry
breaking order can emerge to disturb the liquid states.
The work opens up four potentially fruitful directions:
Quantum Memory. Topologically protected qubits
can be made by wiring a surface code with holes, i.e.,
regions where couplings are off. This is probably the
most immediate and accessible application of the Z2
gauge theory and can be implemented on existing ETS
hardware.
Quantum Computation. Due to the relative sim-
plicity of ETS hardware, our approach defines a
potential path to large scale quantum computation using
surface codes, especially if programmable couplings can
be adiabatically manipulated [5].
Expansion of ETS architectures. Three-dimensional
architectures may be worth implementing in order to
take advantage of the sub-extensive ground state degen-
eracy of the X-cube model or the improved stability at
finite temperature of the 3D toric code [43].
Playground for Materials Theory. Topologically
entangled states [44, 45] have been the focus of the-
oretical study for some time. It is exciting to think
that their features can be probed experimentally in
a programmable ETS directly. The scheme that we
present gives theorists a tool set to design and program
their own spin liquids, with which they can “experiment”
themselves by submitting “jobs” to a remote machine.
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FIG. 4. (a)&(b) Spectrum of a single star as a function of the transverse field Γ˜. (a) Lowest energy sector of the full
Hamiltonian (1). (b) Complete spectrum of the effective Hamiltonian (6). (c) Weight of the ground state wavefunction of
Hamiltonian (1) in the presence of a transverse field Γ˜ on each of the eight P = +1 and eight P = −1 configurations of the star
operator, as a function of Γ˜. The eight curves in each set fall on top of one another. (d) The ground state and the first excited
state energies corresponding to the external leg configurations. The (i)-(iii) insets are examples. For all panels, the degeneracy
of each energy level, or the number of curves on top of one another is labeled below the curve by ×. We choose J = 1 and
Γ = 2, yielding an excitation gap between the two parity sectors 2λ ≈ 0.84.
SUPPLEMENTAL MATERIAL
Appendix A: Numerical study of the gauge-matter Hamiltonian
Here we provide a numerical comparison of the effective Hamiltonian with the four-spin interaction and the Hamil-
tonian with the matter and gauge spins. The studies focused on clusters containing either a single star or a single
plaquette surrounded by a fixed background, in the presence of the transverse field Γ˜. The analysis passes each of the
following three tests in favor of a spin liquid within machine precision.
(i) Fig. 4(a)&(b): For a single star in the presence of the Γ˜ field, the eigenstates of Eq. (6) have a one-to-one
correspondence to the lowest energy sector levels of the Hamiltonian (1), with precisely the same degeneracies. This
implies that the presence of matter spins in the Hamiltonian (1) does not break the parity symmetry among the gauge
spins even with a nonzero Γ˜.
(ii) Fig. 4(c): In the presence of Γ˜, the ground state wavefunction of the full Hamiltonian (1) is an equal weight
superposition of the eight P = +1 configurations and, with smaller but equal weights, the eight P = −1 configurations,
as should be the case for the exact star operator in the effective Hamiltonian (6). This indicates that, at the single
star level, our “molecule” Hamiltonian (1) replicates the quantum dynamics of an exact star operator, even when
quantum fluctuations on both the matter and gauge spins are present.
(iii) Fig. 4(d): the ground state energy of a single plaquette, as well as the gap to the first excited state, is identical
9for any fixed configuration of external legs surrounding the plaquette. We have confirmed that this holds for all 128
configurations of external legs, implying that the transverse field Γ˜ does not favor any ordering pattern on the lattice.
Moreover, the gap to the first excited state is independent of the environment, meaning that the effective plaquette
operator generated by Γ˜ does not favor any one spin order either.
The spectrum of the single star of the effective Hamiltonian Eq. (6) in the presence of a transverse field can
be obtained straightforwardly, leading to the following 16 eigenvalues (degeneracies): ±
√
λ2 + 16Γ˜2 (×1), ±√
λ2 + 4Γ˜2 (×4), ± λ (×3). The constant shift γ is not shown for simplicity. The lowest eigenstate is an equal
superposition of all 8 spin configurations that satisfy P = +1 and, with smaller amplitude that varies with increasing
Γ˜, an equal superposition of all 8 spin configurations that satisfy P = −1. Symmetry of the ground state of the
molecule is necessary, but not sufficient, for symmetry in the lattice.
Diagonalization of the Hamiltonian Eq. (1) in the presence of the transverse field Γ˜ yields states with the exact
same degeneracies as those of the effective model on a transverse field presented above. Fig. 4(a) and (b) in the main
text present the spectrum for both the effective Hamiltonian with the four-spin interaction and the lowest energy
sector for the Hamiltonian with the matter and gauge spins.
To compare the weights of the ground state wavefunction on each of the gauge spin configurations, we take the
ground state |ψ〉 of the Hamiltonian with gauge and matter spins and obtain the reduced density matrix by tracing
over the matter spins: ρσ = trµ|ψ〉〈ψ|, where µ and σ stand for the four matter and gauge spins, respectively. Then
we compute the weight of ρσ on each of the sixteen (eight with P = +1 and eight with P = −1) configurations |σ`〉,
` = 1, 2, . . . , 16:
wσ` := tr (ρσ|σ`〉〈σ`|) . (A1)
These weights are displayed in Fig. 4(c). The data show that the ground state wavefunction contains an equal
amplitude superposition of the eight P = +1 gauge spin configurations and, with smaller weight, the eight P =
−1 configurations, mirrowing exactly the case for the star operator in the effective Hamiltonian with the four-spin
interaction. This indicates that, at the single star level, our “molecule” Hamiltonian (1) replicates the quantum
dynamics of an exact star operator Eq. (6), even when quantum fluctuations on both the matter and gauge spins are
present via the transverse fields.
To further support our claim that the system does not favor any ordered state when placed on the full lattice, we
move to the next level of complexity and focus on a single plaquette. Consider a single plaquette surrounded by 8
external links, as depicted in the inset of Fig. 4(d). Suppose we fix the environment as defined by the gauge spins on
the external legs. In the absence of the transverse field Γ˜, the star constraint of positive parity is satisfied, and there
are 28−1 = 128 external leg configurations compatible with the constraint.
In the case of the effective Hamiltonian (6), there are only two allowed configurations of the free gauge spins
satisfying the star constraints: |ψ1〉 and |ψ2〉, and they are related by the plaquette operator: |ψ2〉 =
∏
 σ
x
i |ψ1〉. In
the presence of a transverse field, the ground state and the first excited state of this plaquette must be the symmetric
|ψS〉 and antisymmetric |ψA〉 superpositions of |ψ1〉 and |ψ2〉, respectively; and the energy splitting between these two
states is given by the energy scale of the effective plaquette operator.
We find for the “molecule” Hamiltonian Eq. (1) that the same independence on the external leg configuration holds.
In Fig. 4(d) shows the ground state and the first excited state energies corresponding to the external leg configurations
(i)-(iii) in the inset of Fig. 4(d), respectively. We show in the figure only three out of the 128 combinations of external
legs, but we have confirmed that the energies of both the ground state and first excited states are exactly the same
for all 128 configurations, within machine precision. This is compelling evidence that the transverse field Γ˜ does
not energetically favor any specific ordering pattern on the lattice. In other words, the effective plaquette operator
generated by the transverse field Γ˜ does not favor any one spin order in particular, as it should in a spin liquid.
Appendix B: Example of a failed construction due to lack of combinatorial gauge symmetry
The purpose of this section is to illustrate with a simple example why the matter-gauge spin Hamiltonian must
take a particular form. It is necessary to start with the limit of large transverse field Γ, but it is not sufficient. The
W -matrix must also obey the symmetries of the effective Hamiltonian at the vertex, or “molecular”, level.
To illustrate this concept we revisit the Z2 model of the main text. Suppose that we tried a, seemingly simpler,
configuration with only one matter spin, as in Eq. (1),
H = −J
(
4∑
i=1
σzi
)
µz − Γµx . (B1)
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All gauge spins couple to the single matter spin equally, or equivalently we choose a W -matrix with all elements set to
unity. This formulation allows us to disentangle the effects of the quantum limit and the form of the interaction. We
already know that the classical limit of large J is insufficient to generate a topological state, so once again we start
with in the quantum limit of large Γ, but without the symmetries of the interactions in Eq. (1). We will find that
once again, order-by-disorder takes over and a subset of the equal parity states are favored. This is more evidence
that the Haddamard form of the W -matrix is essential. Nonetheless, it is in instructive to see how the construct in
Eq. (B1) fails.
We proceed as before and diagonalize the Hamiltonian for a given configuration of the gauge spins. The eigenvalues
are given by:
E± = ±
J2 ( 4∑
i=1
σzi
)2
+ Γ2
1/2 . (B2)
The above expression can be written, for any value of Γ and J , as
E± = ±a0 ± a2
(
4∑
i=1
σzi
)2
± a4 σz1 σz2 σz3 σz4 , (B3)
which follows from (σzi )
2 = 1. a0, a2 and a4 are constants that depend on J and Γ. In this case we do not have the
freedom to cancel the a2 term so we will have a nonzero pairwise interaction between the gauge spins. To solve for
the three a’s we note that there are three conditions, given by the square of the total spin (
∑
i σ
z
i )
2 = 0 or 16 (parity
= +1) and total spin squared = 4 (parity = −1). These conditions imply that:
a0 =
1
8
(
−
√
Γ2 + 16J2 + 5|Γ|+ 4
√
Γ2 + 4J2
)
a2 =
1
16
(√
Γ2 + 16J2 − |Γ|
)
a4 =
1
8
(√
Γ2 + 16J2 + 3|Γ| − 4
√
Γ2 + 4J2
)
. (B4)
Note that the four-spin term looks like the term that we obtained in the four matter spin model, a4 = −λ/4 Eq. (7).
Furthermore the leading term of order Γ cancels in both interaction terms a2 and a4.
It is reasonable to conjecture at this point that if we can cancel the a2 term by introducing an offsetting pairwise
interaction between gauge spins then we might recover the Z2 theory once again. However we will see that repeating
the simple numerical tests of the main text and the previous section of this Supplementary Material immediately
reveals that the ground states degeneracy breaks. Consider the modified Hamiltonian of Eq. (B1):
H → H + a2
4∑
i,j
σziσ
z
j . (B5)
We chose the sign of the a2 term such that the pairwise interaction cancels in the ground state sector E− of Eq. (B2).
However, the full Hamiltonian encompasses the E+ energy sector as well, and in this sector the gauge spin two-body
interaction does not cancel. In fact it is additive. In other words, in spite of the appearance of the required four-body
term in the ground state sector (B3), the full Hamiltonian (B5) does not obey the four-body symmetry. The pairwise
interaction spoils the required feature that the spectrum of (B5) should depend on only the parity of the gauge spins.
Now we turn on the transverse field that couples to the gauge spins. This field mixes the positive and negative
sectors E± of the full Hamiltonian. And, because we broke the four-body symmetry of the full Hamiltonian by
adding the ferromagnetic offset (B5), the degeneracy of the pure four-body term will break, too. This is evident from
the following numerical diagonalizations, which follow the same sequence of tests. We check the energy spectrum,
projected ground state wavefunction and the energy gap in the plaquette. Comparing Fig. 5(a)-(c) to Fig. 4(a)-(d)
shows that all the required degeneracies disappear.
To summarize, we have used a simple example to show that without a Hamiltonian that respects the symmetry of
the four-spin interaction (parity) in the whole spectrum, the entire scheme cannot work, even when the low energy
sector seems to have the correct symmetry. We believe that this observation also provides a more general insight into
why quantum spin liquids are so difficult to find. The required symmetries are quite delicate.
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FIG. 5. (a) Energy spectrum of the lowest energy sector of the full Hamiltonian (B5) in the presence of the transverse field Γ˜
acting on the gauge spins σ. The degeneracy of each energy level is labeled below the curve. Compare to Figs. 4(a) and (b);
the spectrum structure of the one-matter spin Hamiltonian (and its associated degeneracies) is different from both that of the
one with four-matter spins and that of the effective model. (b) Weight of the ground state wavefunction of Hamiltonian (B5)
in the presence of a transverse field Γ˜ on each of the eight P = +1 and eight P = −1 configurations of the star operator, as
a function of Γ˜. Compare to Fig. 4(c); the eight P = +1 configurations in the one-matter spin Hamiltonian are no longer
degenerate (note that in our sign convention the P = +1 and P = −1 states are reversed). Instead, the eight P = +1 states
split into two sets: 2 states correspond to the four σ’s having all the same sign, and 6 states correspond to two of the σ’s being
positive and two negative. (c) The ground state and the first excited state energies of the Hamiltonian (B5) in the presence of
Γ˜ corresponding to all 128 possible external leg configurations compatible with the parity constraint. Compare to Fig. 4(d);
the ground state energy and the gap to the first excited state is no longer independent of the environment and thus favors an
ordered pattern as oppose to a featureless state.
Appendix C: 3D toric code
Following the path that we laid out in two dimensions, we can use the Hamiltonian (1) to generate the toric code
in three dimensions, as well. The main difference is that in 3D, we shall put the matter spins at the center of each
plaquette (square face) of the cubic lattice, rather than on the vertex, as shown in Fig. 6(a). This will enable us to
construct the exact plaquette operator in the σz-basis, first. The Hamiltonian for a single plaquette is still given by
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(a) (b)
FIG. 6. Construction of three dimensional toric code model. (a) Matter spins are put at the center of each plaquette. (b) The
plaquette operator (depicted in purple line), which is a product of four σz operators around every face of the cube; and the
star operator (depicted in red line), which is a product of six σx operators on the links emanating from each vertex.
Eq. (1), for which we have shown that the ground state sector takes the form of the product of four σz’s around the
plaquette, as in Eq. (6). This yields the exact plaquette term of the 3D toric code. Adding a transverse field Γ˜ on the
gauge spins and going to the full cubic lattice, we arrive at the lattice Hamiltonian (in the τa = −1 sector):
Hτ=−1 = −λ
∑
p
∏
i∈p
σzi − Γ˜
∑
i
σxi . (C1)
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When Γ˜/λ is small, the leading order term acting within the ground state manifold happens at the sixth order, which
involves the product of six σx’s on the links emanating from a single vertex. This term is precisely the star operator
of the 3D toric code, as shown in Fig. 6(b). Therefore, the same construction can implement the toric code model in
both two and three dimensions.
Appendix D: X-cube model
The X-cube Hamiltonian contains, at each vertex, three star terms associated with three intersecting planes.
Fig. 7(a) illustrates the labeling of the 6 spins at the edges of a vertex. The three stars correspond, each, to a
product of 4 spins: Bxys = σ
z
1σ
z
2σ
z
4σ
z
5, B
yz
s = σ
z
2σ
z
3σ
z
5σ
z
6, and B
xz
s = σ
z
1σ
z
3σ
z
4σ
z
6.
We implement each of the three star operators using the same scheme we used in the toric code. We group the 6
gauge spins in (overlapping) sets of 4 spins, forming four-legged stars. The three groups are (1245), (2356) and (1346),
matching the groups in the operators Bxys , B
yz
s and B
xz
s above. For each of the different directions, we need a set of
4 matter spins, thus we require 12 matter spins per vertex or site of the cubic lattice. Without the transverse field
Γ˜ on the 6 gauge spins, the three directions are decoupled, and it thus follows directly from the construction in the
previous section that the τa = −1 sector Hamiltonian takes the form
Hτ=−1 = 3 γ − λ σz1 σz2 σz4 σz5 − λ σz2σz3σz5σz6 − λ σz1σz3σz4σz6
= 3 γ − λ (Bxys +Byzs +Bxzs ) , (D1)
where the coefficients γ and λ are given in terms of J and Γ by Eq. (7). The ground state configuration of each of
three star operators Bxys , B
yz
s and B
xz
s has positive parity, P
xy = P yz = P xz = +1, since λ > 0. (Notice that there
is a constraint that the product P xy P yz P xz = +1.)
Paralleling the discussion for the 2D Z2 gauge theory, there is a regime where |Γ| → ∞ while keeping λ fixed, which
opens an infinite gap to the excited sectors with at least one τa = +1. The splitting 2|λ| between the two parity states
within the lowest energy sector remains finite. To access this regime we would fix λ and tune J =
∣∣λΓ3/12∣∣1/4 just
as in the 2D case.
When Γ˜ = 0, the spectrum of the gauge-matter Hamiltonian (with six gauge spins and three sets of four matter
spins) depends only on the sum of the parities P xy + P yz + P xz. This is a manifestation of the combinatorial gauge
symmetry we identified in the previous section, and this symmetry is again essential to suppressing any interaction
that favors any type of order.
So far we have obtained the exact star operators of a single vertex in the X-cube model. Now consider the full cubic
lattice in three dimensions where the gauge spins reside on the links and the matter spins reside on the vertices. We
apply a transverse field Γ˜ to the gauge spins.
First, consider the limit |Γ| → ∞, J = |λΓ3/12|1/4 with λ fixed (i.e., projecting down to the ground state sector
with τ = −1). In this limit, the Hamiltonian on the entire lattice becomes:
Hτ=−1 = −λ
∑
s
(Bxys +B
yz
s +B
xz
s )− Γ˜
∑
i
σxi . (D2)
In the limit where Γ˜/λ is small, the lowest order term in perturbation theory that acts within the ground state
subspace is the 12-body interaction around each cube c: Ac =
∏
n∈∂c σ
x
n, which is the cube operator of the X-cube
model. Similar to Hamiltonian (10), we expect that there is a range of small Γ˜/λ where the system is in the phase
with fractonic topological order. We have thus implemented the full X-cube model on the lattice, using only two-body
Ising couplings and a transverse field.
Similar to the implementation of toric code in 2D, we shall now provide numerical evidence indicating that the
full Hamiltonian with gauge and matter spins preserves all essential symmetries of the exact star operators in the
X-cube model for a wide range of parameters (Γ˜,Γ, J). Since there are now three star operators in the X-cube model
satisfying the constraint P xyP yzP xz = +1, the ground states must have parity +1 for all three star operators, or
equivalently, P xy + P yz + P xz = 3; the excited states are created by flipping the parities of two out of the three
stars, i.e. P xy + P yz + P xz = −1. In Fig. 7(b)&(c), we plot the eigenenergy spectrum of the ground state sector
where P xy + P yz + P xz = 3, in the presence of a transverse field Γ˜ on the gauge spins. Once again, the levels of
the full Hamiltonian [Fig. 7(b)] have a one-to-one correspondence to the levels of the exact star operators [Fig. 7(c)]
for nonzero Γ˜, with precisely the same degeneracies. While the levels of the excited states are quite complicated
to count directly, transitions to the excited states can be captured again by looking at the weight of the ground
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FIG. 7. (a) The X-cube model exhibiting fractonic topological order. The Hamiltonian contains three star terms associated
with three intersecting planes: Bxys = σ
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z
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6, and B
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z
1σ
z
3σ
z
4σ
z
6. The cube operator is the product of
σx around an elementary cube c: Ac =
∏
n∈∂c σ
x
n. (b)&(c) Eigenenergy spectrum of a single vertex in the X-cube model as
a function of the transverse field Γ˜ acting on the gauge spins. Only the levels in the ground state sector where all three star
operators have parity P = +1 are shown. (b) Energy spectrum of the lowest energy sector of the Hamiltonian with gauge and
matter spins. (c) Energy spectrum of the effective Hamiltonian (D1). Notice that the eigenstates of the Hamiltonian with gauge
and matter spins have precisely the same levels of degeneracy as the effective Hamiltonian with all τa = −1. (d) Weight of the
ground state wavefunction of the full Hamiltonian in the presence of a transverse field Γ˜ on each of the 16 configurations with
P xy +P yz +P xz = 3 (ground states) and the 48 configurations with P xy +P yz +P xz = −1 (excited states) of the X-cube star
operators, as a function of Γ˜. The curves in each set fall on top of one another, indicating that the ground state in the presence
of Γ˜ is an equal amplitude superposition of the configurations with P xy +P yz +P xz = 3 and those with P xy +P yz +P xz = −1,
as it should be for the effective Hamiltonian (D1). The degeneracy of each energy level, or the number of curves falling on top
of one another is labeled below the curve. The choice of parameters are the same as in Fig. 4.
state wavefunction on every classical configuration, including excited states with P xy + P yz + P xz = −1, just like
in Fig. 4 for the 2D toric code. This is shown in Fig. 7(d). It is clear that the ground state wavefunction has equal
weights on each of the 16 configurations with P xy + P yz + P xz = 3 (ground states) and the 48 configurations with
P xy + P yz + P xz = −1 (excited states), as should be the case for the exact star operators of the X-cube model.
While we are unable to perform exact diagonalizations of a single cube surrounded by fixed external legs, as we did in
Fig. 4(d) for the toric code in 2D, our numerical results suggest that we indeed replicate a single vertex in the X-cube
model even when quantum dynamics is introduced.
